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Abstract

DSGE models often contain variables for which data is not ob-
served when estimating. Although DSGE models generally imply
that there is a finite order SVAR in all the variables this may no
longer be true for SVARs just in observable variables, and so there is
a VAR-truncation problem. The paper examines this issue. It looks
at five different studies using DSGE models that appear in the liter-
ature. Generally it emerges that the truncation issue is probably not
that important, except possibly in small open economy models with
external debt. Even when there is no truncation problem in VARs
(which control the dynamics) the structural impulse responses from
both models may be different due to differing initial responses. It is
shown that DSGE models incorporate some strong restrictions on the
nature of SVAR models and these would need to employed for the two
approaches to give the same initial estimates.

1 Introduction

The relative utility of DSGE models versus SVARs in macroeconomic re-
search has been a question of some interest. Because DSGE models have
a strong economic orientation this has generally been investigated by ask-
ing whether the SVAR can capture the impulse responses of the shocks in
a DSGE i.e. the DSGE model is taken to be a good representation of the
macro economy and the issue becomes whether the SVAR can capture the
results found with the DSGE model. There are two aspects to this ques-
tion. Designating the j period structural impulse responses from the DSGE
model by CDSGE

j these are constructed recursively from the impact impulse
responses CDSGE

0 and the underlying VAR coefficients. This leads to the
relation CDSGE

j = DDSGE
j CDSGE

0 , where the DDSGE
j are the responses of
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variables to the underlying VAR ( reduced form) equation errors. There are
equivalent measures for any SVAR model fitted to the data and these will be
designated as CSV AR

0 and DSV AR
j . For the SVAR to match the DSGE model

responses we will need CSV AR
0 = CDSGE

0 and DSV AR
j = DDSGE

j .

Now, although a DSGEmodel generally has a finite order VAR solution in
all its variables, this may become an infinite order when only the observable
variables are included. Thus, because SVARs in the observable variables
must be of finite order, there can be differences between DSV AR

j and DDSGE
j .

So a primary question to settle is whether the DSGE model also has a finite
order VAR representation in observable variables. If that is not true then
a secondary question relates to the magnitude of the approximation error
in DSV AR

j i.e. how close are DSV AR
j and DDSGE

j ? Once this is settled one
can turn to the question of whether CDSGE

0 = CSV AR
0 and hence decide how

close the structural impulse responses CDSGE
j and CSV AR

j are. Clearly the
last feature involves the ability to replicate the dynamics ( Dj) as well as
contemporaneous interactions ( C0).

Some of the work investigating this question has just proceeded by con-
structing DSGE models and then looking at whether a finite order SVAR of
some form can capture the impulse responses Cj from the DSGE model e.g.
Chari et. al. (2005) and Christiano et. al. (2007) ( although both papers
do contain some analytic work on aspects of the issue). Chari et. al. sug-
gested that SVARs could not capture what was in a DSGE while Christiano
et. al. had a different position. Kapetanios et. al. (2007) also followed
this strategy, using a large DSGE model that was a miniature version of the
model used in the Bank of England in the 2000s. They assumed that CDSGE

0

was known and CSV AR
0 was set equal to it, then finding that one needed

very high order VARs, as well as large numbers of observations, in order to
capture the correct DDSGE

j . This meant that there was a potential problem
with using a finite order SVAR ( now called a truncation issue). A number of
other authors have looked at this theoretically e.g. Fernandez-Villaverde et.
al. (2007), Ravenna (2007) and Franchi and Vidotto (2013). In those papers
rather complex conditions were established for the possibility of a finite order
SVAR to represent DSGE model responses. Giacomini (2013) gives a survey
of the area.

In this paper we return to the issue of "making a match" of the Cj between
the two vehicles for applied work. Section 2 establishes some conditions for
a finite order VAR to capture the dynamics of the DSGE model in the case
where variables in the latter are just I(0). These depend on the relationship
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of observed and unobserved variables, specifically whether the unobserved
variables can be captured by the contemporaneous observed variables and
a small number of their lags. Three examples are chosen to illustrate the
points.

The first example given is of a basic RBC model with just a technology
shock. In this model the observed variable is a flow ( output) and the un-
observed variable is a stock (capital). Its simplicity enables one to see the
essential issues relating to approximation of the dynamics. Because most
SVARs are only formulated with flow variables, while DSGE models con-
tain stocks as well, the question that naturally arises is what the impact of
omitting stock variables might be, and so the simple RBC model is a good
vehicle to examine this. In this context it is found that, although a very high
order AR in the flow variable (output) is needed to precisely capture the
impulse responses from the RBC model, even a very low order AR provides
an excellent approximation.

The second example in section 2 uses a small open economy model. Again
there would be an unobserved stock variable, in this case the level of external
debt. Unlike the omission of the stock variable in the simple RBCmodel case,
impulse responses now differ substantially depending on whether the stock
variable is present in the SVAR. The reasons for this are discussed. Finally,
the model in Smets and Wouters (2007) is examined. This has been used a
good deal in research on the construction and estimation of DSGE models.
Here the unobserved variables are two stocks of capital ( the actual value
and also that from a flex-price economy) and the price of capital. Liu and
Theodoridis (2012, p.89) when working with this model found that " .. the
truncation bias is the dominant source of the bias in the estimated impulse
response functions", and we show that this was due to the use of a monetary
policy reaction function that depends upon quantities derived from the flex-
price economy. There is a relatively small bias when monetary policy reacts
to disequilibria in the actual economy rather than to that in the flex price
economy.

Section 3 moves on to the case where there is co-integration between I(1)
variables in the DSGE model. In this instance the DSGE model implies a
VECM structure with a latent factor driving the common permanent compo-
nents. In such a case two problems can arise. The first is that investigators
work with a VAR formulated in the differences of the I(1) variables. This
is a specification error, as it ignores the fact that such variables are driven
by latent error correction (EC) processes. A correction can be made for this
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error by estimating a latent factor VECM process rather than a VAR in the
changes in the I(1) variables. A second problem is the one encountered in sec-
tion 2 i.e. the presence of unobserved stock variables. We look at two models
that exhibit one or both of these issues. These are by An and Schorfheide
(2007) and Erceg et. al. (2005). Erceg et. al. found that a finite order VAR
could recover impulse responses accurately when the model they used had
an RBC orientation, but not when non-neutralities are introduced, and we
explain why this is so.

As already intimated a good approximation of theDSV AR
j to theDDSGE

j is
only one aspect of the problem of matching the structural impulse responses
from SVAR and DSGE models. In many instances it is a gap between CSV AR

0

and CDSGE
0 that creates the matching problems, and so we need to look at

whether the C0 implied by a DSGE model can be captured by a SVAR.
Effectively, this is a question about the definition of structural shocks rather
then their dynamic effects. If C0 is known to be that implied by the DSGE
model then the shocks are defined properly and incorrect impulse responses
simply reflect the truncation issues with a VAR. Fundamentally, the difficulty
is that researchers work with SVARs so as to have a great deal of flexibility
in dynamics and this creates identification problems when trying to estimate
C0. We analyze these in section 4 and suggest some responses for applied
work. Section 5 concludes.

2 Truncation Bias: DSGE Model and Data

for SVAR Contain I(0) Variables Only

We initially provide some analysis of this in terms of the conditions needed
for a finite order VAR in observables to come from a VAR in both observable
and unobservable variables. Then we look at this condition in some DSGE
models. It is assumed that there is a VAR of order q in all variables implied
by the DSGE model. But when there are unobservables it may no longer be
the case that the order of the underlying VAR is finite. In contrast an SVAR
always involves a finite order p. Hence we need to begin with an analysis of
how the order of the DSGE-implied VAR changes when only observables are
considered. We note that the responses to the VAR errors -Dj - would be
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computed in both cases by

DDSGE
j = BDSGE

1 DDSGE
j−1 + ...+BDSGE

q DDSGE
j−q ,DDSGE

0 = I

DSV AR
j = BSV AR

1 DSV AR
j−1 + ...+BSV AR

p DSV AR
j−p , DSV AR

0 = I,

where Bj are the VAR coefficients for the system with variables zt i.e. zt =
B1zt−1 + ...+Bq(p)zt−q(p) + et.

2.1 Analysis

Historically all variables in DSGE models were taken to be I(0) so we start
with an analysis of the VAR implied by DSGE models in such a case. Let zt
be the variables in a DSGE model. In most instances the DSGE model has
the structural equations1

A0zt = CEt(zt+1) +A1zt−1 +Hut, (1)

where ut are shocks possibly following a VAR(1), ut = Φut−1 + εt, and εt is
a vector of white noise processes with covariance matrix Ω that is diagonal.
This system can then be solved for zt by using ( for example) the method of
undetermined coefficients. This produces a solution

zt = Bzt−1 +Gut.

Binder and Pesaran (1995) look at this. The conditions for the solution are
twofold: a rank condition and the Blanchard-Kahn stability conditions must
be satisfied. Users of Dynare will be familiar with the program checking these
conditions. In the case where the number of shocks is not greater than zt we
can write ut = G+(zt −Bzt−1). Thereupon, using ut = Φut−1 + εt yields

G+(zt −Bzt−1) = ΦG
+(zt−1 −Bzt−2) + εt,

making the solution for zt a VAR(2). This was done in Kapetanios et. al.
(2007) and Ravenna (2007).

The problem in practice is that not all of the zt are observable and a
traditional VAR requires that one work with observable variables. Hence we

1There are very few DSGE models that cannot be written in this way. If the model
equations in (1) involve more than one lag in variables then we would need to expand zt
to contain lagged variables. The analysis would still proceed in the same way but it would
be necessary to select the current values of variables from the augmented zt vector.
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have to allow for the fact that there are two types of variables in zt - observed
zot and unobserved zut . In this case the solved VAR can be decomposed as 2

zot = Aooz
o
t−1 +Aouz

u
t−1 +Gout

zut = Auoz
o
t−1 +Auuz

u
t−1 +Guut.

Now in most DSGE models the number of shocks equals the number of
observed variables. In that case

ut = G−1
o (z

o
t − Aooz

o
t−1 −Aouz

u
t−1),

and so

zut = Auoz
o
t−1 +Auuz

u
t−1 +GuG

−1
o (z

o
t − Aooz

o
t−1 −Aouz

u
t−1)

= GuG
−1
o zot + (Auo −GuG

−1
o Aoo)z

o
t−1 + (Auu −GuG

−1
o Aou)z

u
t−1

= F1z
o
t + F2z

o
t−1 + F3z

u
t−1

=⇒ zut = (I − F3L)
−1{F1z

o
t + F2z

o
t−1},

and it is possible to recover the unobservables from the observables using the
contemporaneous values and enough lags of the latter. Hence the VAR in
observable variables will be

zot = Aooz
o
t−1 +Aou(I − F3L)

−1{F1z
o
t−1 + F2z

o
t−2}+Gout, (2)

and we see that this will generally not produce a finite order VAR in observ-
ables zot i.e. the DSGE model will have an underlying VAR of order q =∞.

For it to be finite we would need either F3 = (Auu − GuG
−1
o Aou) = 0 i.e.

{Auu = 0, Aou = 0} or {Auu = 0, Gu = 0}. However, it should be noted that,
if F1, F2 and Aou are small, then the higher order terms introduced into the
VAR owing to the need to eliminate the unobservables will add very little to
the simple finite order VAR. One way of thinking about this is to ask whether
we can recover zut by regressing it upon {z0t−j}

K
j=1 and how many lags (K)

would it take to produce a perfect fit?
That there may be problems coming from unobservables in SVARs arises

from the fact that SVARs are mostly formulated in flow variables while there

2Note that we have not solved for the complete VAR as the error term in this form is
ut and not εt. But as shown previously converting to a VAR that has εt just raises the
order by one, so it is simplest to do the analysis using the form with ut.
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are stock variables in many DSGE models. Perhaps the most obvious ex-
ample of this is the presence of a capital stock in DSGE models. The
evolution of capital stock, in log linearized form, would be described by
kt = (1 − δ)kt−1 + δit, resulting in the relevant element in Gu being zero.
However, that in Auu is not zero, meaning that the missing capital stock
would need to be inferred from the observable variables in a VAR. In many
instances though the unobserved variables can be expressed as a function of
a finite number of observed variables and their lags and hence the VAR re-
mains of finite order. This latter condition is basically that found by Franchi
and Vidotto (2013) (as shown by them in an appendix) and also by Fukač
and Pagan (2007).

2.2 Illustration: A Simple Real Business Cycle Model

To look at the results mentioned above suppose we take the basic RBC
model in Uhlig (1999) which has the equations ( where investment has been
substituted out)

lt = yt − ct (3)

C∗

Y ∗
ct +

K∗

Y ∗
kt = yt + (1− δ)

K∗

Y ∗
kt−1 (4)

ct = Et(ct+1 + rt+1) (5)

R∗rt = α
Y ∗

K∗
(yt − kt−1) (6)

yt = (1− α)at + αkt−1 + (1− α)lt (7)

at = ρaat−1 + εat . (8)

Here small letters represent log deviations from steady state, * are steady
state values, ct is consumption, kt is the capital stock, rt is the gross real
rate of return, at is an AR(1) technology shock with parameter ρa, and lt is
labour input. The parameters are set to α = .4, δ = .025, ρa = .9, R∗ = .99,
and the steady state values are functions of these parameters. The solution
for output will be yt = .133kt−1 + 1.21at ( this comes from Dynare’s "Policy
and Transition Functions"). The same expression for capital is kt = .95kt−1+
.094at.

Now yt is the observed variable and kt the unobserved one. Hence, to
evaluate the adequacy of an AR process for capturing the DSGE implied
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VAR we would have {Auu = .95, Aou = .133}, Gu = .094, Go = 1.21, leading
to F1 = .0777, F2 = 0, Aou = .133 and F3 = .94. This value for F3 suggests
that extraction of a good measure of the capital stock from output data
would require many lags of that variable. However, if one considers what the
AR equation for yt is (after eliminating kt) we would get

yt = Aou(I − F3L)
−1F1yt−1 = .133× .0777×

∞�

j=0

(.94)jyt−1−j + 1.21at

= .01yt−1 + .001yt−2 + ...+ at,

so that the AR process for yt will be approximately

yt = .91yt−1 + 1.21ε
a
t .

Hence, even an AR(1) in yt will capture the RBC model impulse responses
very well.3 Thus, whilst it is important to look at the roots of F3, it is the
case that even very high values of those do not preclude a low order VAR
providing a good approximation to that of the DSGE model i.e. DDSGE

j and
DSV AR
j can be close.

2.3 Illustration: The Justiniano-Preston (2010) Model

This model is a small open economy model that has more than twenty en-
dogenous variables and eight shocks including technology, preferences and
risk. Eight variables were taken to be observable - domestic output, an in-
terest rate and inflation ( yt, it and πt respectively), the same for foreign
variables ( y∗t , i

∗

t and π∗t ), and the nominal and real exchange rates (st and
qt). Its solution is a VAR(2). An example of one of the VAR(2) equations
(that for output) follows:4

3In fact yt is actually a ARMA(2,1) process of the form yt = 1.85yt−1 − .855yt−2 +
1.21εt − 1.138εt−1 and there are close to cancellation of the roots of the polynomials
(1− 1.85L+ .855L2) and (1.21-1.138L).

4This equation is an identity, as shown by the expression for the VAR error eyt in
terms of the structural shocks εt. In all the work of this paper data was simulated from
the models and then the identity governing the evolution of variables was found by fitting
a regression. Because the VAR errors are irrelevant for discussing dynamics i.e. estimating
Dj , we will leave them out when writing down the identities in the remaining section of
this paper. When we return to estimating C0 in the next section we will provide the
complete identities as the shocks are crucial to C0.
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yt = 1.02yt−1 − .18yt−2 − .045y∗t−2 +−.005i
∗

t−1 + .033π∗t−1 + .023it−1 − (9)

.017qt−1 + .028qt−2 − .34πt−1 + .017πt−2 − .001Dt−1 − .017mct−1 + eyt

eyt = .05εgt + .15εat − .12εcft − .36εrt + .43εrpt + .21εy
∗

t + .05επ
∗

t − .27εr
∗

t (10)

There are clearly quite a few unobserved variables in the complete system,
but, as the identity shows, these substitute out, leaving only two that are
unobserved and which enter the VAR equation above - the net foreign asset
position ( Dt) and the level of marginal costs (mct). Computing F3 for the
system ( where Dt is the first unobserved variable) we get

F3 =

�
.994 −.001735
.1976 −.005883

�
,

with eigenvalues of .9937 and -.0055. This points to the possibility that the
omission of the stock variable Dt from the VAR might be important. We
note that, just as for the RBC model, the omitted stock variable is very
persistent. In fact it is far more persistent than for the capital stock in that
model. Consequently, Figure 1 looks at the responses of yt to the error in
the VAR equation for yt when (a) The VAR contains all ten variables and
(b) The VAR has just the eight observable variables.

For about six quarters the responses to the VAR output equation error
for both the DSGE and SVAR models are reasonably close, but then they
begin to deviate. The complete system returns to the steady state position
much faster with the "all variables" VAR than for a VAR which omits foreign
asset balances and marginal costs. The logic is that the accumulation of debt
is important for driving up the risk premium in the DSGE model (and hence
the exchange rate), and this will be a stabilizing mechanism present in the
"all variable" VAR that is much more weakly present in the VAR based on
only observed variables.5 That this is a strong mechanism can be seen from
the mapping between Dt and current information, available from the identity

Dt = 1.01Dt−1 − .388889(y − y∗t ) + .147156 ∗ s− .054444qt.

Another view of this is to be had by computing the impulse functions to a
monetary shock in both the DSGE and SVAR models. We follow Kapetanios

5Schmitt-Grohe and Uribe (2003) discuss a variety of methods for inducing a stabilizing
mechanism into open economy models, of which this is one.

10



-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

1.2

1 3 5 7 9 11 13 15 17 19 21 23 25 27 29

VARall

VARobs

Figure 1: Impulse Response of Output to a VAR Output Equation Shock for
a VAR with All and Only Observable Variables

et. al. and start the impulse response computation using the known CDSGE
0

as the initial response. This means that a comparison of the Cj is essentially
a comparison of the Dj because in this scenario CSV AR

j = DSV AR
j CDSGE

0

while CDSGE
j = DDSGE

j CDSGE
0 .

Figure 2 looks at the impact of a one unit interest rate shock upon output
when all variables appear in the SVAR ( this is the DSGE solution) and
when only observables are present. 6 Although the patterns are very similar
it takes longer to converge to the steady state once debt is not explicitly in
the system. That the exchange rate is the source of this discrepancy can
be seen in Figure 3, which shows the response of the real exchange rate to
the monetary shock in both systems. In this context it is interesting to
observe that Kapetanios et. al. found that one needed a VAR of order 50
and 30,000 observation to capture the DDSGE

j responses when their DSGE
model contained 26 variables, but only 6 were taken to be observed. They
also found that DSV AR

j took much longer to return to the steady state. The
model being used there was a small open economy model of the type used

6The starting point in the computation i.e. the relevant element of C0 can be seen to
be -.36 from (10), since εrt is the monetary shock.
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Figure 2: Response of Output to a One Unit Interest Rate Shock for the
DSGE model ( SVAR with all variables) and for a SVAR With Just Observ-
ables

by Justiniano and Preston. This suggests that the level of debt in SVARs
of small open economies may be an issue in getting a correct measure of the
dynamics, as seen through Dj .

2.4 Illustration: The Smets andWouters (2007) Model

The Smets and Wouters (2007) (SW) model provides some extra insight into
the relationships. This is a model that has a large number of variables (
twenty four) but only seven shocks and observable variables. In its original
form the marginal cost shocks are ARMA processes so, by definition, the
solution will not involve a finite order VAR. However, in this section we
replace those ARMA terms with standard AR processes. Then the SWmodel
comes down to solving a VAR(2) in ten variables. Of these ten variables
seven are directly observable - logs of output yt, consumption ct, investment
it, hours ht, inflation πt, wages wt and the the interest rate rt. This leaves
three unobserved variables - capital kt, the flex-price level of capital kft, and
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the price of capital pkt. Of the original twenty four variables fourteen are
unobserved and these are essentially substituted out using identities. The
F3 matrix investigated earlier is

F3 =




.97 0 0
.05 .97 .14
−.32 −.009 .744



 ,

with eigenvalues of .97, .96 and .75. This points to possible issues for the
order of the VAR in observables.

To study this more closely consider the equation for yt from the SVAR(2).

yt = 1.74ct−1 − 1.47ct−2 − .04it−1 − .04it−2 − .09ht−1 − .001ht−2 + .649πt−1

−.3πt−2 + .72wt−1 − .52wt−2 − .47rt−1 + .21rt−2 + 1.06yt−1 + .0008yt−2

−.21kt−1 − .008kt−2 − .009kft−1 + .008kft−2 − .41pkt−1.

It is immediately clear that the system will not be a finite order VAR in terms
of observable variables, and might require a high order VAR due to the large
coefficients on kt−1 and pkt−1. This is confirmed by looking at the responses
of yt to the VAR output equation error in Figure 4 i.e. the corresponding
Dj. The cases considered in this figure are where all variables are in the
VAR, then kft is excluded ( in this instance it is almost impossible to see
any difference), kt is excluded and, finally, all of kt, kft and pkt are excluded.
There is clearly a loss in accuracy for not having information on the capital
stock and the price of capital, although it is the latter which has the greatest
impact. It is apparent that the shape of the impulse responses are lost when
only observables are used and the magnitudes are also an issue. This was
Liu and Konstantinos’ (2012) conclusion.

To explore these results further we note that the reason for kft appearing
in the VAR is the fact that the interest rate rule in the SW model depends
on (yt − yft). In many models this rule does not depend on the flex price
economy equilibrium output and instead is related directly to yt. Hence we
convert the SW model to one with such an interest rate rule. Then it turns
out there is just one unobservable - kt . Figure 5 shows the same type of
impulse responses as in figure 4 ( except there is now only one unobserv-
able, kt) with the addition of a new one. This new response is arrived at
by computing a pseudo-value for the capital stock using investment and a

14
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Figure 5: Impulse Responses of Output to a One Unit VAR Shock for Output
Equation - All Variables; VAR(2) in Potentially Observable Variables Only;
and VAR(2) with Pseudo Capital Stock Replacing Actual Capital Stock

depreciation rate from the SW model.7 This pseudo-value then replaces the
actual stock in the VAR. It does not equal the model generated capital stock
but is aimed at including a stock variable in the VAR rather than just flow
variables. It doesn’t affect the computation much and it is clear that the
VAR(2) in observable variables does a good job of capturing the impulse
responses, reinforcing the point above that it is the failure to approximate
the model-constructed variable pkt that causes the main truncation bias in
the observables-SVAR relative to the SW model. Once the flex-price for-
mulation has no role in the interest rate decision, pkt disappears from the
unobservables.

It is worth looking at other impulse responses. Generally there is little
truncation bias. Looking at Aou for each of the variables we find that it has
the largest value of -.210 for investment - all other values of Aou are small.

7The series on the pseudo log of capital stock is computed as k′t = (1 − δ)k′t−1 + it.
Since it is observable this makes the pseudo-capital stock k′t observable. It differs from
the actual capital stock in the SW model due to factors such as utilisation.
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Figure 6: Impulse Responses of Investment to a One Unit VAR Shock for the
Output Equation - All variables, VAR(2) in Potentially Observable Variables
Only, and a VAR(2) with Pseudo Capital Stock replacing Actual Capital
Stock

So this suggests that it may be the response of investment to VAR output
equation errors that is potentially subject to a bias. Accordingly, the impact
of a unit rise in the VAR output equation error upon investment is presented
in Figure 6. Even in this case the bias is relatively small until after nine or
so periods ahead. The pseudo-capital stock approach to correcting the bias
works very well for around 20 periods, but it becomes quite large after about
thirty three periods.

3 Truncation Bias: DSGE Model and Data

Contain Co-integrated I(1) Variables

3.1 Analysis

Euler equations in DSGEmodels have a structure such asC−1
t = βEtC

−1
t+1Rt+1,

where Ct is the level of consumption and Rt is a real interest rate. When vari-
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ables are stationary the equation can be re-expressed in terms of ratios to the
steady state positions C∗ and R∗ i.e. ( Ct

C∗
)−1 = βR∗Et(

Ct+1
C∗
)−1Rt+1

R∗
but, when

variables are I(1) and co-integrated, some other divisor has to be used. Tra-
ditionally in DSGE models this has been the level of technology, so that the
consumption Euler equation becomes (Ct

At
)−1 = βR∗Et(

Ct+1
At+1

)−1(At+1
At
)−1Rt+1

R∗
.

Then, after log-linearization, this is

ct − at = Et[ct+1 − at+1 +∆at+1]−Etrt+1 + ln r
∗,

where the lower case letters represent the logs of the upper case ones. Most
modern DSGE models now have the log of technology ( at) being an exoge-
nous I(1) process of the form

.
∆at = ρa∆at−1 + εat.

This is particularly so for those models used in a policy environment.
Under such a specification Et∆at+1 = ρa∆at, making the linearized con-

sumption Euler equation:

ct − at = Et[ct+1 − at+1] + ρa∆at −Etrt+1 + ln r
∗.

Then ct − at is I(0). All the model variables which are I(1) are expressed
as deviations from at, a process often referred to as "stationizing". Thus, in
terms of the RBC model of the previous section, if at was a unit root process
we would have variables yt − at, ct − at etc. These variables are then I(0)
and represent the error correction (EC) terms. The consequence is that there
is co-integration between the three variables yt, ct, and at. These EC terms
would be present among the zt of the previous section and, after the DSGE
model is solved (as outlined earlier), there will be a VAR in the zt.

Now just as before there will be observed and unobserved variables among
the zt. First, we note that the "stationized" variables yt− at etc., designated
with a superscript S, are not directly observed data, but they generally re-
late to observed data. Specifically, with ∆ct being the observed data on
consumption growth,

∆ct = ∆(ct − at) + ∆at = ∆c
S
t +∆at.

In contrast there can be some other stationized variables that do not relate
directly to data and which require a model for their construction e.g. the
capital stock. With the first type of variable it is necessary to add a statistical
specification for the latent exogenous process at, but we do not need an
economic model for that.
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3.2 Illustration: The An and Schorfheide (2007) Model

Now consider models in which there is an I(1) process for at and some I(1)
variables that are stationized. To fix the ideas, it helps to discuss a model
that has been a work horse for analysis. Specifically we take the An and
Schorfheide (2007) model that has been analyzed in Giacomini (2013). Here
yt is the log of output, ct is the log of consumption, πt is the rate of inflation,
rt is the interest rate and gt is a fiscal variable. The technology shock is
εa,t, the fiscal shock is εg,t and the monetary shock is εr,t. The model has the
equations:.

ySt = Et(y
S
t+1) + gt −Etgt+1 −

1

τ
(rt −Etπt+1 − Et∆at+1)

πt = βEt(πt+1) +
τ (1− ν)

̟π2φ
(ySt − gt)

cSt = ySt − gt

rt = ρrrt−1 + (1− ρr)ψ1πt + (1− ρτ )ψ2(y
S
t − gt) + ρrεr,t

∆at = ρa∆at−1 + σaεa,t

gt = ρggt−1 + σgεg,t

ySt = yt − at.

It is clear that there is co-integration between yt, ct and at. Given shocks
gt,∆at and εrt it is possible to solve the system for ySt , πt and rt, and the
solution for cSt would then follow from the identity relating ySt and gt. Given
the parameter values in Giacomini (2013) the numerical solution for this
system is

ySt = .95ySt−1 − .5πt−1 + .1945rt−1 + .0037εat + .006εgt − .0019εrt
πt = .616πt−1 − .114rt−1 + .0037εat − .0012εrt
rt = .776rt−1 + .308πt−1 + .0018εat + .0013εrt .

Hence, as pointed out in Giacomini, the solution is a finite order VAR in
ySt , πt and rt. However this involves the unobservable ySt and so this is not
strictly an observables-VAR. The latter would have to be in terms of ∆yt, πt
and rt.

Due to the relation
∆yt = ∆ySt +∆at, (11)
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the equation for growth in output that would define the observable system
will be

∆yt = −.05y
S
t−1 − .5πt−1 + .1945rt−1 +∆at + .0037εat + .006εgt − .0019εrt ,

that is, it is an equation from a Vector Error Correction Model (VECM) that
has ySt−1 as the lagged error correction term. But, if the system is expressed
as a VAR in observables, then the term −.05ySt−1 would be ignored. Thus
this would be a specification error and would result in there being a VARMA
rather than a VAR structure.8 How important the MA component will be
depends on the relative variances of −.05ySt−1 and ∆at + .0037εat + .006εgt −
.0019εrt . Figure 7 shows the responses of ∆yt to the error in the VAR equation
for yt from the An and Schorfheide model as the order of the VAR increases.
It demonstrates that very high order VARs would be needed to fully capture
the impulse responses.

It should be emphasized here that we are really dealing with a VECM
model in terms of ∆yt, ∆at and yt − at as the error correction term. It
is because a VAR formulated in just ∆yt, πt and rt ignores the EC term
that a truncation bias emerges. But this can be simply avoided by fitting a
finite order latent factor VECM which includes ySt−1 in the ∆yt equation. In
order to perform the estimation of such a system all that is required is some
statistical assumption about the nature of ∆at. The latter is an exogenous
item to the DSGE model as well. One can estimate latent factor VECMs of
this form easily in Dynare and, indeed, any DSGE model with I(1) variables
is essentially being estimated as a latent factor VECM.

3.3 Illustration: The Erceg et. al (2005) Model

Erceg et. al. (2005) have two different models. The first is what they call the
RBC version and they find that the VAR representation exhibits very little
truncation error. The second which involves nominal rigidities is different.

8This points to the fact that a VAR in observable variables will rarely be the appropriate
way to proceed if data is generated by a DSGE model with non-stationary technology. If
one thought of the SW model as having a unit root in technology then there would be
stationized variables such as (yt − at), (ct − at), (it − at) etc. These could be transformed
to (ct−yt), (it−yt) and (yt−at), but there will always be one unobservable EC term that
would be missing from an observables-VECM.
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Figure 7: Impulse Responses of Output to the VAR Output Equation Shock
for Different Order VARs in ∆yt, πt and rt

For the first model they fit a four variable VAR to the simulated DSGEmodel
data and find a good approximation to the DSGE model impulse responses to
a technology shock ( which is their main interest). There are four structural
shocks in this model and four observable variables - labour productivity lpt,

the log of the consumption to income ratio cyt, the log of the investment to
income ratio iyt, and hours worked ht. It turns out that the VAR implied by
the DSGE model has the exact form9

lpSt = 1.045lpSt−1 − .04cyt−1 + .034iyt−1 − .011ht−1

cyt = .08lpSt−1 − .926cyt−1 + .039iyt−1 − .02ht−1

iyt = −.22lpSt−1 − .143cyt−1 + .875iyt−1 − .05ht−1

ht = −.173lpSt−1 + .116cyt−1 − .075iyt−1 + 1.033ht−1.

So a finite order VAR in lpSt , cyt, iyt and ht fits exactly. Moreover, if one
adjoins the observation equation ∆lpt = ∆lp

S
t + ∆at, then we can estimate

9Again we have omitted the combination of white noise structural shocks that appear
in the identities describing these equation since our focus is on Dj and not C0.
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the system exactly using a latent variable VECM specification, thus avoiding
any truncation bias. Hence, it is never appropriate in these cases to work
with a VAR in ∆yt.

10 It is interesting to note that, unlike the RBC model
of section 2, the capital stock can be substituted out using the identity kt =
ht+ .024iyt+2.81lpt i.e. the assumption that labour productivity and hours
are known provides the necessary information. If instead one used ∆lpt in
an observables-VAR then the approximation error will depend on the size
of .045lpSt−1 to the shocks in the ∆lpt equation. The standard deviation of
the former relative to the latter is about 1

14
, so the use of the observables-

VAR rather than the latent VECM is likely to show up only in long horizon
impulse responses.

The second model that Erceg et. al. use has non-neutralities. A com-
plication now is that there are five shocks but only the same number of
observables as in the RBC model. This seems a little odd because there
is a monetary shock, so one might expect the interest rate to be added to
the VAR. The reason this matters can be seen from looking at the labour
productivity VAR equation for this model versus what it was for the RBC
model

lpSt = .46lpSt−1 − .57lpSt−2 − 1.25cyt−1 + .63cyt−2 + .36iyt−1

−.34iyt−2 + .1ht−1 + .29ht−2 + .003kSt−1 − .95rt−1.

Here kt is the capital stock and rt is the interest rate. These can not be
substituted out and, since they are unobserved, there is no longer a finite
order VAR in terms of lpSt etc. It may be that one can ignore the effects of
omitting the capital stock as its coefficient is quite small, but that on the
interest rate is large and its omission from the set of observables would likely
mean truncation bias, which was found by Erceg et. al.

10In fact if one does so then all of the structural shocks would have permanent effects
upon yt and this would be contrary to what the DSGE model would say about them - see
Fisher et. al (2016).
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4 Estimating C0

4.1 Analysis

We now turn to an analysis of whether CSV AR
0 relates closely to CDSGE

0 . This
is a key element in describing the levels of impulse responses. In Figures 2
and 3 we made these equal but, if they are not, then the responses would
originate at different points, even though they would retain the same shape
( as that comes from Dj). Theoretical models like DSGE have some of their
structural equations with the form

z1t = φz1t−1 + ψEtz1t+1 + δz2t + ut,

where ut may be an AR(1) process. The complete system solves to be
a VAR(1) or VAR(2) depending on whether there are AR(1) shocks and
whether φ = 0. The question then is what does this imply about SVARs? It
is useful to start the discussion by assuming that φ = 0, ut is an AR(1), and
the system solves to be a VAR(1).

Suppose a 3 variable structural system containing the equation above.
The VAR(1) solution under the conditions just set out implies

z1t = b111z1t−1 + b112z2t−1 + b113z3t−1 + e1t, (12)

where e1t is a white noise VAR error. Then

Etz1t+1 = b111z1t + b112z2t + b113z3t.

Eliminating expectations the structural equation becomes

z1t = ψ(b111z1t + b112z2t + b113z3t) + δz2t + ut,

which can be written as

(1− ψb111)z1t = (ψb
1
12 + δ)z2t + ψb113z3t + ut.

Gathering terms we get

z1t = a012z2t + a013z3t + u′t

a012 =
ψb112 + δ

(1− ψb111)
, a013 =

ψb113
(1− ψb111)

, u′t =
ut

(1− ψb111)
.
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This equation is the type of structural equation appearing in an SVAR.
Notice that the coefficient a012 can be quite different to δ because it measures
not just the direct response of z1t to variations in z2t but also the indirect
responses through variation in expectations. Thus if (12) was a standard
Phillips curve in an NK model we would have z1t as the inflation rate and z2t
as the output gap. The coefficient on the output gap in the SVAR equation

for inflation will be a012 =
βb1
12
+δ

(1−βb1
11
)
, where β is the discount factor. Now if

there is a lot of persistence in inflation b111 will be close to unity and so a012
may be many times larger than δ. In a typical NK model δ might be between
.2 and .4 but, if say βb111 = .9, we see that the coefficient on the output gap
for a Phillips curve in an SVAR would lie between 2 and 4.

4.2 Illustration: The External Sector of the Reserve
Bank of Australia’s Multi-Sector Model (MSM)

A concrete example of this approach involves the equations of the external
sector of the Reserve Bank of Australia’s Multi-Sector Model (MSM) - Rees
et. al. (2016). This is a small New Keynesian (NK) model of the form11

yt = Et(yt+1)− (rt − Et(πt+1)) + uyt (13)

πt = βEt(πt+1) + κyt + uπt (14)

rt = ρrrt−1 + (1− ρr)(γyyt + γππt) + δ∆yt + εrt, (15)

where uyt, uπt are AR(1) processes of the form

uyt = ρyuyt−1 + εyt

uπt = ρπuπt−1 + επt,

with εyt, εrπ, εrt being white noise processes that are uncorrelated with each
other. The NK model in (13)-(15) solves to gives a VAR(1) in yt, πt and rt.

Using the parameter values in Rees et. al. the VAR equations for yt and
πt implied by (13)-(14) will be

11In this model yt is a stationized variable so a latent factor VECM would need to be
used for estimation, as set out in the previous section. We abstract from that complication
here and think of yt as being an observable output gap in order to make the points about
estimating C0.

24



yt = .865yt−1 − .248πt−1 + .083rt−1 + .003εyt − .005επt − .049εrt

πt = .108yt−1 + .269πt−1 + .123rt−1 + .0006εyt + .013επt − .009εrt.

This gives us expressions for expectations of Etyt+1 = .865yt− .248πt+ .083rt
and Etπt+1 = .108yt + .269πt + .123rt. So the Phillips curve will be

πt = β(.108yt + .269πt + .123rt) + κyt + uπt.

From Rees et.al. κ = .036, β = .9996, and the AR(1) for uπt is

uπt = .32uπt−1 + επt.

Hence

πt =
.108β + κ

(1− .269β)
yt +

.123β

(1− .269β)
rt +

1

(1− .269β)
uπt (16)

= .195yt + .168rt + 1.368uπt

= .195yt + .168rt + .32uπt−1 + .0207ηπt, (17)

where ηπt is white noise and has a variance of unity.
As we have just seen the DSGE model implies an equation for πt of the

form in (17). This can be converted to a SVAR equation by multiplying
through by the polynomial in the lag operator (1-ρπL) ( ρπ = .32) to give

(1− ρπ)πt = .195(1− ρπL)yt + .168(1− ρπL)rt + .0207ηπt.

Hence the coefficients on πt−1, yt−1 and rt−1 all involve the same parameter ρπ
and there is a common factor (1−ρπL) in the three separate lag polynomials
on πt, yt and rt. This COMFAC structure was investigated by Hendry and
Mizon (1978). Because of it there are only three coefficients that need to
be estimated in this equation - those for yt, rt and ρπ− and not the five if
the dynamics in the equation were unrestricted. There are three instruments
available to perform this estimation - πt−1, yt−1 and rt−1. So the SVAR model
is exactly identified. Estimating it with simulated data from the MSMmodel
( 10000 observations) we get

πt = .192yt + .164rt + .31uπ,t−1 + .0028επ,t,
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which provides an excellent match to the results in (17). Of course a lot of ob-
servations are being used but, even when the sample is just 200 observations,
we get

πt = .247yt + .227rt + .37uπ,t−1 + .0029επ,t.

So an IV estimator applied to the SVAR inflation equation would enable
us to get close to that implied by the DSGE model. However traditional
SVAR work attempts to estimate an unrestricted SVAR(1) equation and
does not impose the COMFAC restriction of the DSGE model. Some other
restriction on this equation is then needed to get identification. Often this
involves setting one of the coefficients on yt or rt to zero so as to get a
recursive model. The COMFAC restriction used in the MSM model (and
DSGE models more generally) does not come from economic ideas but is
simply a statistical assumption about the nature of shocks.

The output equation in the SVARwhich is derivable from the MSMmodel
shows other aspects of the difficulty an SVAR will have in replicating the C0
of a DSGE model. After substituting out the expectations it has the form

yt = .7716πt − 29.32rt + 1.7244uyt. (18)

Again the COMFAC restriction delivers enough instruments to estimate this
equation but parameter estimates of the SVAR found with 10000 simulated
observations from the MSM model are

yt = .3976πt + 19.27rt + .824uyt−1 + εyt,

which is a very poor match to what the DSGE model predicts this equation
would be. The reason is simply that rt−1 is a very poor instrument and so
the model is essentially unidentified.

Of course the MSM structural equation for output doesn’t involve the
estimation of any parameters ( excluding the shock variance) as the coefficient
on the real interest rate is set to -1 and that on Et(yt+1) to unity. Suppose we
imposed the latter and worked with an SVAR inflation equation that involved
a real interest rate. Both expectations in this equation can be constructed
without knowing the form of the structural relations by estimating the VAR
equations for πt and yt to get the predictions Êt(yt+1) and Êt(πt+1). The
resulting instrumental variable (IV) estimator is

ψt = yt − Êt(yt+1) = −.917(rt − Êt(πt+1)) + .953uyt−1 + εyt.
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This is quite a good match (ρy = .95) to that implied by the DSGE model.
With 200 observations one gets

yt = −.45(rt −Et(πt+1)) + .927uyt−1 + εyt.

Turning to the final equation in the MSM external system the SVAR
equation for rt from the DSGE model is

rt = .928rt−1 + .154yt − .139yt−1 + .107πt.

Now this equation could be estimated using the three available instru-
ments yt−1, rt−1 and πt−1. But, even with 10000 observations, the point es-
timates are very bad. There are no data transformations or a COMFAC
restriction in this equation which might be used to improve the estimation.
However, SVARs do use the assumption that the white noise shocks are un-
correlated with one another, meaning that επt and εyt can be used as extra
instruments, if they can be constructed. To do so apply the restrictions dis-
cussed above ( COMFAC plus parametric) to the SVAR inflation and output
equations to get the residuals ε̂πt and ε̂yt. These can then be used as extra
instruments. Doing this IV estimation with the 10000 observation simulated
data set produces

rt = .928rt−1 + .150yt − .136yt−1 + .105πt,

which agrees very closely with the DSGE structural equation. When only
200 observations are used the parameter estimates become

rt = .942rt−1 + .14yt − .116yt−1 + .078πt,

which still represents a good match. Thus, if one utilizes some of the key
restrictions and parameterizations of DSGE models, it is possible for the
SVAR to capture C0 reasonably well, even in relatively small samples.

4.3 Implications

As the analysis and illustration shows the difficulties that a SVAR can expe-
rience in capturing the C0 from a DSGE model often stem from the fact that
the traditional estimation of SVAR models seeks to avoid imposing statistical
restrictions ( such as COMFAC), exclusion restrictions ( in the interest rate
equation πt−1 does not appear), and other constraints where coefficients are
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prescribed ( for example on Et(yt+1) in the output equation). It also becomes
difficult to impose quantitative parametric restrictions in the way that DSGE
models do e.g. the DSGE model implies that the output SVAR equation (18)
should have an interest rate coefficient of -29, far from the -1 of the DSGE
output structural relation. This arises because of the presence of forward-
looking expectations that are dated with information at t. If the information
was dated at t− 1 then there would be no difference since expectations ap-
pearing as Et−1(yt+1) would not induce contemporaneous terms such as yt
and rt into the structural equation. So the difficulties of reconciling CDSGE

0

and CSV AR
0 may often come from the dating of expectations. If the t-dating

of expectations is regarded as the most plausible then one has to be very
agnostic about the quantitative values of any SVAR coefficients. Of course
a SVAR could work with a series on t dated expectations by constructing
these from the underlying VAR, as seen in the previous sub-section. An em-
pirical example of this is Catao and Pagan (2011), where incorporating the
expectations in this way led to what were called structured VARs. But then
we have to know which equations have which expectations e.g. the Phillips
curve in the NK model does not involve an expectation relating to future
output, and the interest rate equation has no expectations.

In many ways SVARs are about assembling information concerning the
dynamics and contemporaneous interactions between variables in the macro-
economic system in such a way as to impose less structure than what formal
models like DSGE do. Traditionally this flexibility has been achieved by using
exactly identified SVARs rather than the over-identified structural equations
of the DSGE approach. But to get exact identification does require some
constraints. One constraint that is common to both DSGE and SVAR mod-
els is that the structural shocks are uncorrelated, and we saw that this was
important to exploit when estimating the interest rate rule of the MSM. An-
other has been to make the SVAR recursive. Ideally this should stem from
good institutional information, but often it is just a convenient assumption
rather than being judged plausible.

4.4 Conclusion

We have looked at the conditions whereby unobservables that appear in
DSGE models can be expressed as a function of observables. If this function
involves only a finite number of lags of the observed variables then a finite
order VAR can potentially capture impulse responses from a DSGE model.
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Provided the weights on higher order lags of observables are low it still may
be possible to approximate the responses well with a finite order VAR. A sim-
ple RBC model showed this. A small open economy model showed that the
omission of the stock of debt from a VAR could result in truncation biases,
although even then this was an issue only at longer horizon responses.

Turning to DSGE models with I(1) variables it was found that some of
the truncation biases came from a mis-specification. The actual generating
process is a latent factor VECM and not a VAR in terms of observed quan-
tities such as the growth in I(1) variables. Such a model is relatively easy
to estimate and can be implemented so as to safeguard against truncation
bias. Nevertheless, such a strategy does not overcome the potential prob-
lems that arise from the omission of stocks. Prima facie this seemed to be
an issue in connection with the well-known Smets-Wouters model. On closer
examination however it was found that the major truncation problem came
not from the lack of a stock of capital variable in the VAR, but rather a
model-constructed price of capital. This arose due to an interest rate rule
in the Smets-Wouters model being dependent on quantities from a flex-price
economy that was defined by the model. When the interest rate rule was
modified there was a relatively small truncation bias in the VAR. Thus we
are led to think that the biggest issue in connecting SVAR and DSGE models
is how one can capture the initial impulse responses ( C0) rather than the
dynamics. It was shown that one might be able to provide a match between
the C0 from a SVAR with that from a DSGE model by using some of the
features of the latter, such as COMFAC and exclusion restrictions. In doing
so though one would be taking away one of the attractive features of SVAR
work, which is to make as few assumptions as possible in order to give some
data-based evidence on the behaviour of the macroeconomic system.
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